In this work we introduce a system of inclusion problems, which can be regarded as a generalization of the system of equilibrium problems, the system of variational inequality problems, the system of optimization problems, and the inclusion problems. For suitable conditions, we prove an existence result for this system. As applications, we give some existence theorems for the system of equilibrium problems and the system of optimization problems.
Existence result
Throughout this work, unless other specified, we always suppose that I is an index set. For each i ∈ I , K i is a nonempty, bounded, closed and convex subset of a real reflexive Banach space X i . Let K = i∈I K i , X = i∈I X i , K¯i = j =i, j∈I K j , and X¯i = j =i, j∈I X j . For each i ∈ I , let Φ i : K¯i × K i → 2 X i be a multi-valued mapping, where 2 X i denotes all the subsets of X i . The system of inclusion problems (for short, (SIP)) is formulated as follows: find x = (x i ) i∈I ∈ K such that for each i ∈ I ,
where x¯i = (x j ) j =i, j∈I ∈ K¯i .
Remark 1.
If I is a singleton, (SIP) reduces to the inclusion problem studied in Di Bella [6] .
Definition 1 ([3])
. Let E, F be two Hausdorff topological spaces and T : E → 2 F be a multi-valued mapping. T is said to be lower semi-continuous if, for each open set Ω ⊂ F, the set T − (Ω ) = {x ∈ E : T (x) ∩ Ω = ∅} is open in E. T is said to be upper semi-continuous if, for each closed set A ⊂ F, the set T − (A) is closed in E. T is said to have a closed graph if the set Graph(
Remark 2. When R(T ) = {y ∈ F : y ∈ T (x) for some x ∈ E} is contained in a compact subset of F, it is known that T is upper semi-continuous if and only if T has a closed graph.
Lemma 1. Let D be a nonempty, compact and convex subset of a finite dimensional Banach space E and T : D → 2 E be a multi-valued mapping satisfying the following conditions:
is lower semi-continuous with convex values.
Then there exists x
Assume for an absurdity that T c D (x) = ∅ for all x ∈ D. Condition (ii) implies that T c D is lower semi-continuous with nonempty and convex values. By the Michael selection theorem [17] , there exists a continuous single-valued mapping g :
By the Brouwer fixed point theorem, there exists u ∈ D such that u = g(u) ∈ D \ T (u), which contradicts condition (i). Hence there exists x * ∈ D such that T c D (x * ) = ∅. So the conclusion follows. Theorem 1. For each i ∈ I , let K i be a nonempty, bounded, closed and convex subset of a real reflexive Banach space X i and Φ i : K¯i × K i → 2 X i be a multi-valued mapping. For each i ∈ I , assume that 
For any given z = (z i ) i∈I ∈ K and D ∈ D, consider the following auxiliary problem:
Conditions (i) and (ii) imply that for each i ∈ I and each z ∈ K , Φ i (z¯i , ·) satisfies all the conditions of Lemma 1.
) is solvable for all z ∈ K , D ∈ D and i ∈ I . For each i ∈ I , define a multi-valued
By the arguments above, T i (z¯i ) is nonempty for all i ∈ I and z¯i ∈ K¯i ∩ D¯i . Define T :
By condition (iii), T (z) is nonempty, bounded, closed, and convex for all z ∈ K ∩ D. It follows from condition (iv) that T has a closed graph. From Remark 2, we know that T is upper semi-continuous with nonempty compact convex values. By the known Kakutani-Fan-Glicksberg fixed point theorem (see [9] ), there exists
denote by S D the solution set of the following problem: 
, where
Applications
In this section, we shall apply Theorem 1 to prove some existence results for a system of equilibrium problems and a system of optimization problems. For each i ∈ I , let K i be a nonempty, bounded, closed and convex subset of a real reflexive Banach space X i , f i : K¯i × K i × K i → R and φ i : K¯i × K i → R be two functions. The system of equilibrium problems (for short, (SEP)) is formulated by finding x = (x i ) i∈I ∈ K such that for all i ∈ I ,
and the system of optimization problems (for short, (SOP)) is formulated by finding x = (x i ) i∈I ∈ K such that for all i ∈ I ,
Remark 3. (SEP) and (SOP) provide unifying frameworks for the corresponding problems studied in [1, 2, 8, 12, 13, 18] .
Let M be a nonempty convex subset of a topological space E. For further results, we recall some concepts and lemmas.
Definition 2. A bifunction f : M × M → R is said to be pseudomonotone if, for any x, y ∈ M,
Definition 3. A bifunction f : M × M → R is said to be hemicontinuous if, for any given x, y ∈ M, the mapping t → f (x + t (y − x), y) is continuous at 0 + .
Definition 4.
A function g : M → R is said to be convex if for any x 1 , . . . , x n ∈ M, t 1 , . . . , t n ∈ [0, 1] with
Definition 5. A function g : M → R is said to be completely continuous if g is continuous with respect to the weak topology of E.
Lemma 2 ([4,5])
. Let M be a nonempty convex set, x 0 ∈ M a given point, and f : M × M → R be a hemicontinuous and pseudomonotone bifunction satisfying the following conditions:
(ii) if x, y, z ∈ M, f (x, y) ≤ 0, and f (x, z) < 0, then f (x, t y + (1 − t)z) < 0 for all 0 < t < 1.
Then the following are equivalent:
Lemma 3 ( [4, 5] ). Let M be a nonempty, bounded, closed and convex subset of a real reflexive Banach space E and f : M × M → R be a hemicontinuous pseudomonotone bifunction satisfying the following conditions:
In addition, the solution set is bounded, closed and convex.
Theorem 2. For each i ∈ I , let K i be a nonempty, bounded, closed and convex subset of a real reflexive Banach space X i and f i : K¯i × K i × K i → R be a function. For each i ∈ I , assume that
Then there exists x * = (x * i ) i∈I ∈ K such that for each i ∈ I ,
Proof. For each i ∈ I , define a multi-valued mapping Φ i : K¯i × K i → 2 X i as follows:
Condition (1) implies that Φ i (u¯i , u i ) is nonempty for all i ∈ I and u ∈ K . In the following, we show that {Φ i } i∈I satisfies all the assumptions of Theorem 1.
Step 1. Assumption (i) of Theorem 1 follows directly from condition (1).
Step 2. By the definition of Φ i ,
It follows from condition (2) that Φ c (u¯i , ·) is lower semi-continuous. By assumption (5), Φ c (u¯i , u i ) is convex for all i ∈ I and u ∈ K . Thus assumption (ii) of Theorem 1 holds.
Step 3. For given i ∈ I , z = (z i ) i∈I ∈ K and finite dimensional subspace D i of X i with K i D = ∅, consider the following problem: find u * i ∈ K i D such that
. By conditions and Lemma 3, the above problem admits a nonempty, closed and convex solution set. That is to say, the set
} is nonempty, closed and convex for all i ∈ I and z = (z i ) i∈I ∈ K . So assumption (iii) of Theorem 1 is satisfied.
Step 4. Let x α = (x α i ) i∈I ∈ K , x α converge to x = (x i ) i∈I ∈ K weakly, and
, x α i ) for all α. It follows from the definition of Φ i that, for all i ∈ I and α, That is to say, for each i ∈ I , K i ⊂ Φ i (x¯i , x i ). So assumption (iv) of Theorem 1 follows. By Theorem 1, there exists x * = (x * i ) i∈I ∈ K such that for each i ∈ I , K i ⊂ Φ i (x Theorem 3. For each i ∈ I , let K i be a nonempty, bounded, closed and convex subset of a real reflexive Banach space X i and φ i : K¯i × K i → R be a function. For each i ∈ I , assume that (1) for each x = (x i ) i∈I , φ(x¯i , ·) is convex; (2) φ(·, ·) is completely continuous.
Then there exists x * = (x * i ) i∈I such that for each i ∈ I , φ i (x
